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1. 
Let f(z) and g(z) both be entire functions. We say that f(z) and g(z) are 
permutable if they satisfy the relation 
fk(z)) =df(z)) 
for any finite complex number z. The present author and Zhou [9] showed 
that sin(az+ b) can only be permutable with periodic functions. In this 
paper, we want to ask, in general, what we could say about the per- 
mutability of periodic entire functions. In Sections 2 and 3, we shall discuss 
this subject and decide which functions are permutable with a periodic 
entire function of exponential type. In Section 4, we shall provide a 
negative answer to a conjecture of C. C. Yang [8] concerning pseudo- 
primeness. Yang conjectured the following 
(A) if F(z) is a pseudo-prime transcendental entire function of finite 
order, then, for any non-constant polynomial Q(Z), Q(Z) F(z), and 
F(z) + Q(z) remain pseudo-prime. 
We assume that the reader is familiar with Nevanlinna’s fundamental 
theory of meromorphic functions and notations R(r,f), T(r,f), etc. and 
the concept of factorization. 
2. 
In this section, we shall state the following results which will be used in 
the discussion of the permutability of entire functions. 
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THEOREM A. Let F(z) and G(z) both be non-constant entire functions of 
order less than l/2 and g(z) = exp(h(z)), where h(z) is entire. Assume that 
F( g(z)) + G( l/g(z)) is periodic with period 2ni. Then g(z) also is periodic 
with period 2sni for some positive integer s. 
Making a modification of the proof of Theorem 1 in [2], we can 
immediately verify the above theorem. 
THEOREM B (cf. Gross [3, p. 1081). Let a,(z) (t =O, 1, . . . . m) be entire 
functions of finite order p. Let g,(z) (t = 1, . . . . m) be entire and g,(z) -g,(z) 
(t #j) be a transcendental function or polynomial of degree greater than p. 
Then 
,tl a,(z) exptg,tz)) =a,@) 
holds only when 
ao(z)ca,(z)E ... =a,(z)=O. 
THEOREM C (cf. Zheng and Zhou [9]). Let f(z) be an entire function of 
positive lower order and let g(z) be an entire function of finite order, 
permutable with f(z). Then the order, lower order, and type-class of g(z) do 
not exceed those off(z), respectively. 
THEOREM D (cf. Gross [3, p. 271). Let f(z) be an entire function of 
exponential type a’, periodic with period 2ni. Then f(z) has the form 
f(z)= 2 b,e” tm d 710) 
,=-In 
for constant b,‘s. 
3. THEOREMS CONCERNING THE PERMUTABILITY 
OF ENTIRE FUNCTIONS 
THEOREM 1. Let F(z) and G(z) both be entire functions of order less than 
4 and let H(z) be entire. Zf H(z) is permutable with F(e”) + G(e-‘), then 
H(z) has the form 
H(z) = (k/s)z + E(z), (1) 
where both s( >0) and k are integers and E(z) is periodic with period Zsxi. 
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Proof We may write 
Thus it follows from Theorem A that e”(‘) is periodic with period 2sni 
for some positive integer s. Obviously there is an integer k such that 
H(z + 2.~74 = H(z) + 2kni. Set E(z) = H(z) - (k/s)z. Moreover, one can 
show that E(z) is periodic with period 2sxi, and the proof of Theorem 1 is 
complete. 
From Theorem 1, we have the following. 
COROLLARY. Let f(z) be a periodic entire function of finite order and let 
g(z) be entire, permutable with f (z). Then g(z) can be written in the form (1). 
Proof: We may assume without loss of generality that the period ofj’(z) 
is 2ni. Hence f(z) has the form 
f(z) = U(eZ) + V(e-‘), 
where U(w) and V(w) are both entire functions. We want to verify that 
U(w) and V(w) are of order zero. Indeed we have 
M(r,f) = M(r, We’) + V(e-‘)) 3 M(r, U(e’)) - M( 1, V(e-‘)) 
for sufliciently great r. By Polya’s theorem (cf. Gross [3, p. SS]), we prove 
that U(M)) is of order zero. By the same argument, V(w) is also of order 
zero. Thus the corollary follows from Theorem 1. 
Remark. We suspect the above k to be zero. Hence the following two 
questions are posed: 
(I) Must the functions permutable with periodic entire functions of 
finite order be periodic? 
(II) Must the functions permutable with periodic entire functions of 
finite order mod a non-zero plynomial be periodic mod some non-zero 
polynomial? (Note. An entire function f(z) is said to be periodic mod a 
polynomial if there exist a complex number d ( #O) and a polynomial Q(z) 
such that f(z + d) -f(z) = Q(z).) 
Let Q(z) be a polynomial and a ( #O) and b be constants. For 
Q(z)+exp(az+ b), the present author and Zhou [9] answered (II) in the 
affirmative. For the periodic entire function of exponential type, we also 
have the optimal answer to question (I). This assertion is contained in the 
following theorem. 
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THEOREM 2. Let P(z) and Q(Z) both be polynomials at least one of which 
is not a constant. Let g(z) be any non-linear entire function offinite order, 
permutable with f(z)= P(e’) + Q(e-‘). Then (1) when P(z) $ -Q(z), we 
haue g = f; (2) when P(z) = -Q(Z), we have g =f or g = -f: 
Proof. We assume that p = deg P(z) 2 deg Q(z) = q. When p < q, we can 
prove the theorem by the same method as in the following discussion. For 
the sake of convenience, let us write A(w) = P(w) + Q( l/w). By Theorem 1 
and Theorems C and D, g(z) has the form 
g(z) = (k/s)z + f b, . e(“‘)’ (2) 
*=-WI 
for constant b,‘s. Set B(w) = CT= --m b, . w’. Since f(g(z)) = g(f(z)), we 
immediately have 
A(eg”‘) = (k/s)A(e’) + B(e(lis)f(z)). (3) 
Therefore, by Theorem B, 
g(z) = (d/(ps))f(z) + bz + c (4) 
for some non-zero integer d (IdI <p) and constants c and b. Furthermore, 
b = k/s and 
B(w) = (d/(ps))A(w”) + c. (5) 
Combining (3), (4), and (5), we obtain without difficulty 
A(exp(bz + cl ~ed(d/h))f(z))) 
= bA(exp z) + (d/(ps))A(expf(z)) + c. 
By Theorem B, b = 0. Hence 
A(e’w”) = (d/(ps))A(wp”) f c. (6) 
When d > 0, it follows from (6) that pd = p2s, i.e., d =p, s = 1, and c = 0. 
Therefore we obtain g =f: 
When d<O, it follows from (6) that q(d( =p’s. Since qfp and IdI bp, 
we have -d= q =p, s = 1, and c = 0. Thus it follows that g = -f: Also in 
this case (6) can be rewritten as ,4(w)= -A(l/w). Theorem 2 follows. 
4. 
In this section, we shall exhibit a counterexample to C. C. Yang’s conjec- 
ture. First we need the following result due to Urabe [7]. 
409/140/l-18 
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THEOREM E. Let F(z)=H(z)+ Q(z), where H(z) ( $ constant) is an 
entire function of finite lower order which is periodic with period 2ni and 
Q(z) is a non-constant polynomial; then F(z) is left-prime in entire sense. 
Further tf Q(Z) has no quadratic right factor, then F(z) is prime. 
Now we settle Yang’s conjecture. Let {oil} be a sequence of positive 
prime integers with 1 < v, < v, + , , and let ,f(z) = np= i (1 - z/eGn)L’n. Clearly 
f(z) is of genus zero, hence (cf. [4, p. 271) 
log M(r,f) <j’ (n(t)/t) dt + r 1” (n(t)/t*) dt, 
0 r 
where n(t) denotes the number of zeros of f(z) in Jz( ct. Since 
n(t) = C 2 G u!n G clog ,, v, d (log t)*, we have 
I’ (n(t)/t) dt = Jr (n(t)/t) dt < 1’ ((log t)*/t) dt 
0 I 1 
= (log r)3/3; 
r 
I 
II (n(t)/t*) dt < r iy; ((log t)/t)* dt 
r 
= (log r)‘+ 2 log r + 2. 
Therefore, 
log M(r, f(e’)) d r3/3 + r* + 2r + 2; 
namely, f(e’) has order at most three. It follows from Theorem E that 
F(z) = f (e’) - Q(Z) is pseudo-prime for any non-constant polynomial Q(Z). 
But F(z) + Q(Z) =f(e’) is not pseudo-prime. 
In order to get a completely negative answer to the conjecture (A), we 
need prove the following result. 
THEOREM 3. Let {v,} be a sequence of positive prime integers with 
1 <vn<vn+1 (n = 1, 2, . ..) and (6,) a sequence of complex numbers with 
6, # b, (n Zm). Assume that H(z) = nz=, (1 - z/b,)un forms an entire func- 
tion and H(e’) is of finite order. Then for any non-constant rational function 
R(z) and any polynomial Q(z), F(z) = R(z)e Q(z’H(eZ) is right-prime. Further 
if the degree of Q(Z) is different from the order of H(e’), F(z) is prime. 
We first quote a result of Kobayashi [S] for the proof of Theorem 3. 
THEOREM F. Let f(z) be a transcendental entire function. Assume that 
there exists an unbounded sequence { wn] such that each w, is a linearly 
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distributed value of f(z), i.e., for each n, there is a straight line L, on which 
all the solutions of f(z) = w, lie. Then 
f(z) = P(exp Az), (7) 
where P(z) is a polynomial of degree at most two and A a non-zero constant. 
Proof of Theorem 3. Let F(z) =f(g(z)), where f(z) and g(z) are 
meromorphic (rational) and entire (meromorphic) functions, respectively. 
We treat three cases, separately. 
(I) Consider the case where g(z) is a transcendental entire function 
and f (2) is a transcendental meromorphic function. Clearly f(z) has at 
most one pole. By a result of Edrei and Fuchs (cf. [ 1 I), p(f) = 0. Then 
f(z) has infinitely many zeros, say {w,,}. Since g(z) is entire, g(z) has at 
most two multiple values. And since R(z) has at most finitely many zeros 
there exists a positive integer p such that for each n >p, g(z) - w, has 
simple zeros and contains no zeros of R(z). Then since v, (n = 1,2, .,.) are 
mutually distinct prime integers, we know that there is an integer s(n) 
corresponding to n (>p) such that w, is a u,(,,) multiple zero of f(z). 
Furthermore, all the zeros of g(z)- w, are zeros of 1 -e’/b,(,,) (n >p), 
namely each w, (n >p) is a linearly distributed value of g(z). Thus it 
follows from Theorem F that g(z) is a periodic function. This is impossible. 
(II) Now consider the case where f(z) is a transcendental 
meromorphic function and g(z) is a polynomial. Then f(z) has infinitely 
many zeros, say {w,}. By the same method as in case (I), we can find a 
subsequence { ~,,~f such that all the solutions of g(z) = w,,~ lie on the half 
plane {Re z > 0} or {Re z f 0). Thus it follows from a theorem of 
Kobayashi [6] that g(z) is of degree not greater than two. Clearly g(z) is 
necessarily linear. 
(III) Finally consider the case where Q(Z) has degree different from 
the order of H(e’) and f(z) is a rational function, g(z) is a transcendental 
meromorphic function. We shall treat subcases, separately. 
Subcase (i). f(z) has no poles. Then g(z) has at most finitely many 
poles. Assume that f(z) is not linear, then f(z) has at least two distinct 
zeros, say a and b. Therefore for any sufficiently large r and some integer 
t satisfying v, > deg f(z)/2, 
and 
Nr, 0, f(g)) k W-, a, g) + R(r, b, g) 2 Cl+ 41)) T(r, g), 
W(r, 0, We’))< (l/v,)(l +o(l))T(r, We’)) 
+ 1 m(r, b,, e’)G(l/v,)(l +o(l))T(r, J’), 
n=l 
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so that 
This is impossible. Hencef‘(z) is linear. 
Subcase (ii). J’(z) only has one pole, say c. Then N(r, c, g)=o(T(r,g)). 
By the same method as in the subcase (i),f(z) has only one zero. Then we 
can write f(z) = (z - Q)~/(z - c)” and g(z) = c + P(z)/h(z), where both q 
and m are positive integers, P(z) a polynomial and h(z) an entire function. 
Further, we have 
F(z) = ((c -a)h(z) + P(z))“M+yz)/P”‘(z). 
If m #q, then we immediately have 
(8) 
N(r, 0, F) = N(r, P(z)/(a - c), h) + N(r, 0, h) 
3(1 +41))T(r,h)=(l+41))T(r,g), 
for sufficiently large r. By the same method as in subcase (i), we may once 
again arrive at an absurd inequality. Hence m = q, further m = q= 1, 
namely f(z) is linear. 
Subcase (iii). f(z) has two distinct poles, say c and d. Then 
N(r, c, g) + N(r, d, g) = O( T(r, g)). By the same method as in the above, one 
can show that f(z) has no zeros. This is impossible. 
Thus Theorem 3 follows. 
Let f(z) = I-I,“= i (1 -z/e”“)“” and R’(z) =f(e’)/(z - 0,). By the above dis- 
cussion, we know that F(z) is of order not greater than three. Thus it is 
clear that by Theorem 3, the entire function F(z) is prime, but (z - v,)F(z) 
is not pseudo-prime. Therefore we have shown that conjecture (A) is false. 
However, we do believe that the following conjecture is true: 
(B) Let H(z) be a periodic entire function of finite order, then for 
any non-constant rational function R(z), R(z)H(z) is pseudo-prime. 
Note that it is easy to verify that the entire function (sin z)/z is pseudo- 
prime, but not prime. 
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